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Outline 
Unit  V: Solution of Differential Equations
 Orders of RK method
 Euler’s method
 Heun’s method
 Runge- Kutta method of 4th order Runge- Kutta method of 4th order



Introduction

In numerical analysis, the Runge-Kutta method 
is a family of implicit and explicit iterative 
methods which includes the Euler’s method. RK 
method refers to a family of one-step method method refers to a family of one-step method 
used for numerical solution of IVP. These 
methods were developed around 1900 by the 
German mathematician C.Runge and M.W. Kutta





Orders of RK method

• Euler’s method of order 1
• Heun’s method of order 2
• Bogacki-Shampine method of order 3
• R-K method of order 4• R-K method of order 4
• R-K-Felhberg method of order 4 and 5



Euler’s method

In mathematics and computational science, 
Euler method (also called forward Euler method) 
is a first order numerical procedure for solving 
ordinary differential equation with the given ordinary differential equation with the given 
initial value. It is most basic explicit method for 
numerical integration of ODEs and is simplest 
Runge-Kutta method. Euler method  is named 
after Leonhard Euler.





Advantages/disadvantages of Euler’s 
methods

Advantages:
Euler’s method is simple and direct.
 It can be used for nonlinear IVPs.
Disadvantages:
 It is less accurate and numerically unstable. It is less accurate and numerically unstable.
Approximation error is proportional to the step 

size h. Hence good approximation is obtained 
with a very small h. This requires a large number 
of time discretization leading to a large 
computation time.



Heun’s method





Advantages/ Disadvantages of 
Heun’s method

Advatages:
It is accurate for numerical problems.
It requires less error then Euler’s method . 

Hence good approximation is obtained with a Hence good approximation is obtained with a 
very small h.

Disadvantages:
It is not used for more than third order.



Bogacki-Shampine method











Advantages/Disadvantages of  
Bogacki-Shampine method

Advantages:
Used for approximately three functions 

evaluations per steps.
Low order method is more suitable.Low order method is more suitable.
Disadvantages:
Large order method is not suitable for ODEs.
This requires a large number of time 

discretization leading to a large computation 
time.



Runge- Kutta method of 4th order







Advantages/Disadvantages of 
Runge-Kutta 4th order 

Advantages:
It is used for temporal discretization of ordinary 
differential equation.
Disadvantages:Disadvantages:
Runge-Kutta method are generally unsuitable for 
the solution of stiff equations.
It increase the number of iteration steps.



Runge-Kutta-Fehlberg(4,5) method
• In mathemtics, the Runge–Kutta–Fehlberg method (or 

Fehlberg method) is an algorithm in numerical analysis for 
the numerical solution of ordinary differential equations. It 
was developed by the German mathematician Erwin 
Fehlberg and is based on the large class of Runge–Kutta
methods.methods.

• The novelty of Fehlberg's method is that it is an embedded 
method from the Runge-Kutta family, meaning that 
identical function evaluations are used in conjunction with 
each other to create methods of varying order and similar 
error constants. The method presented in Fehlberg's 1969 
paper has been dubbed the RKF45 method, and is a 
method of order 4 with an error estimator of order 5.





Exercise
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